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Abstract. In this paper, we study the representations of the new finite- 
dimensional pointed Hopf algebras in positive characteristic given in |6]. We 
find that these Hopf algebras are symmetric algebras. We determine the simple 
modules and their projective covers over these Hopf algebras. We show that 
these Hopf algebras are of wild representation type. 



1. Introduction and Preliminaries 

The construction and classification of Hopf algebras play an important role in 
the theory of Hopf algebras. During the last few years several classification results 
for pointed Hopf algebras were obtained based on the theory of Nichols algebras 
[3 m In [B], Cibils, Lauve and Witherspoon studied Nichols algebras via an 
embedding in Hopf quiver algebras. They constructed some new finite dimensional 
Hopf algebras in positive characteristic p, which are pointed Hopf algebras over Z„ , 
the cyclic group of order n, where p\n. In this paper, we study these Hopf algebras. 
We organize the paper as follows. In this section, we recall some properties of 
projective cover and representation theories of Artin algebras, and integrals in a 
finite dimensional Hopf algebra, which can be found in [4j [9l [11] . In Section [2l we 
introduce the Hopf algebras B{V)^kG and its "lifting" iJ(A,/i) given in [6], and 
investigate some properties of H{X,^). We show that B{V)^kG and iJ(A,/i) are 
symmetric algebras. In Section [31 we describe the simple modules over iJ(A,/i). 
Then we consider the tensor products of simple module by using the idea of [S] 
and prove that the tensor product of any two simple modules is indecomposable. 
Through computing idempotent elements, we find the projective covers of these 
simple modules. In Section [4l we compute the extensions of some simple modules 
over the Hopf algebras and prove that these Hopf algebras are of wild representation 
type. 

Now we recall some general facts about the representation theory of a finite 
dimensional algebra. Let A be a finite dimensional algebra over an algebraically 
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closed field and A — {Si, - ■ ■ , Sn} be a complete set of non- isomorphic simple A- 
modules. Let P{S) denote the projective cover of S, S G A. It is well-known that 
j^A = 05g^ P{S)'^^™^ as left A-modules by Wedderburn-Artin theorem. 

Let 7J be a finite-dimensional Hopf algebra. A left integral in H is an element 
t € H such that ht = e{h)t for all h E H. A right integral in H is an element t' G H 
such that t'h = e{h)t' for all h £ H. denotes the space of left integrals, and 
denotes the space of right integrals. H is called unimodular if = J^- Note that 
and are each one-dimensional (see [Tl]). 

A fc-algebra A is called symmetric if there exists a nondegenerate fc-bilinear form 
f3 : A X A k, which is associative and symmetric. A symmetric algebra A is 
self-injective, that is, the left regular module A is injective. A finite dimensional 
Hopf algebra H is a symmetric algebra if and only if H is unimodular and is 
inner, where S is the antipode of H ^TU\ I12j. 

Throughout this paper, we work over an algebraically closed field k with a positive 
characteristic p. All algebras, Hopf algebras and modules are finite dimensional over 
k. Unless otherwise stated, all maps are /c-linear, dim and ® stand for diuik and 
(g)fe, respectively. 

2. The Hopf Algebras B{V)#kG and H{X,h) 

Let n > 1 be a positive integer with p\n. Let G = (g) be the cyclic group of 
order n. Then kG has a 2-dimensional indecomposable right-right Yetter-Drinfeld 
module V. V has a basis {vi,V2} such that the right fcG-action and fcG-coaction 
are defined by 

vi ■ g = vi, V2 ■ g = vi + V2, p{v) =v®g, v &V. 

Then one can form a Nichols algebra B{y) and the corresponding pointed Hopf 
algebra B{V)^kG. B{V)^kG is a finite dimensional graded Hopf algebra, which is 
generated as an algebra by three elements g, a and b (see [6]). 

When p — 2, the generators g, a and b of B{V)^kG are subject to the relations: 

g" = 1, g^^ag = a, g^^bg = a + b, 

a? = 0, 6^ = 0, baba ~ abab, b^a = ab^ + aba. 
When p > 2, the generators g, a and b of B{V)^kG are subject to the relations: 
5" = 1: g^^ag = a, g^^bg = a + 6, 



aP = 0, bP ^ 0, ba ^ ab+^a^. 
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The coalgebra structure and the antipode of B{V)i^kG are determined by 
A(.g) ^g®g, A(a) = a®l + g(g)a, A(6) ^h®\+g®h] 

e{g) = 1, e(a) = £(6) = 0; 

S{g) = g~\ S{a) = -g-'a, S{b) = -g-'b. 

Note that kG is the coradical of B{V)4fkG and kG is a Hopf subalgebra of B{V)^kG. 

Furthermore, one may construct filtered pointed Hopf algebras as "lifting" of 
B{V)^kG, that is those whose associated graded algebra is B{V)4t^kG. In the 
case of p > 2, Cibils, Lauve and Witherspoon gave some examples of liftings of 
B{V)i^kG, which can be described as follows. 

Assume p > 2, and let A, /i 6 fc. The Hopf algebra H{\,ijl) is generated, as an 
algebra, by g, a and b with the relations 

5" = 1, g~^a,g = a, g^^bg = a + b, 

aP = A(l - gP), bP = ti{l - gP), ba ^ ab + . 

The coalgebra structure and the antipode of H{X,iJ,) are determined by the same 
equations as B{V)#kG. Note that kG is the coradical of i?(A, fi) and kG is a Hopf 
subalgebra of H{X, n). Moreover, when A = /i = 0, H{0, 0) = B{V)#kG. 

Lemma 2.1. When p — 2, in B{V)4f^kG we have 

(1) bg^ — ig'^a + g^b, i ^ 0. In particular, g^ is central in B{V)^kG . 

(2) B(V)^kG is a symmetric Hopf algebra. 

Proof. (1) It can be proved by induction on i from the relation g~^bg = a + b. 

(2) Let H = B(y)4kG. Then the set {g''abab^\Q < i ^ n - 1} are linearly in- 
dependent in H by ,6, Theorem 3.1 and Corollary 3.4]. Let t = { ^ g'^)abab^. 

Then t is a non-zero element of H. Since — 1, g{ ^ g^) — ^ t/'. 

It follows that gt ^ t = e{g)t. By the definition of H, we also have at = 
( E g')a%ab^ = = e{a)t and bt = { J2 bg')abab^ = J2 i^/a + 

g'^b)abab^ — ^ g^babab^ — ^ g^abab^ = = e{b)t. Since g,a,b are 

generators of H, it follows that = kt. On the other hand, we have a{a -I- 6) = 
+ ab = ab andbg = g(a + b). }leiice tg — { ^ g^)abab^g—{ ^ g'')ga{a + 

fe)a(a + fo)^ = ( X] g^)abab^ — s{g)t. We also have ta — { J2 g^)abab^a = 

( J2 g^)abab{ab'^ + aba) — ( ^ g^)baba{ab'^ + a6a) = = e(a)i and tb = 

( X] g^)abab'^ = = Thus, — kt — Jj^, and so is unimodular. It 
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is easy to check that S'^(.g) = .g, S'^(a) = g^^ag and S'^{b) = g~^bg. Hence S"^ is 
inner since S'^ is an algebra automorphism. It follows that iJ is a symmetric Hopf 
algebra. □ 

In the rest of this section, we assume p > 2. Let n = p^t with p ] t and s > 1. 
Let X,iJ, € k. Now we give some properties of H{\,ii). 

Lemma 2.2. In H{\,^), we have 

(1) hg^ = ig'a + g% ba^ = a^b + ^a^+^ and bg'a^ = {i + i)5*a^+^ + g'a^b for all 
i, j ^ 0. In particular, gP is central in II{X,fi). 

(2) // 1 < m ^ p - 1, then 

ab'^= E ocm,ib'^-'a'+\ 

where am,i G k with Q!„i_o = 1; ctm,! = ~y "^'^ '^m,2 = \rn{m — 1). 

(3) If 1 ^ m ^ p — 1, then 

gb^= E Pm,ib^~"9a\ 

where (3m,i e k with (3m,o = 1, /3in,i = -m and /3„i,2 = jm{m - 1). 

Proof. (1) The first two equalities can be proved by induction on i and j, respec- 
tively. The third one follows from the first two equalities. 

(2) By the relations of the generators, afo™ can be expressed as ab™ = ^ am,ib"^~^ a^'^^ 

for some am.i S k. Then for 1 ^ m < p — 1, by Part (1) we have 



= E c,^,^b"'-\a'^'b) 



Hence one gets that a^+ifi = "to.o, am+i.m+i = -^^a^.m and Qjm+i.i = am,i - 
^am,i-i for all 1 < i ^ m. Prom the definition of lf(A, /x), we know that ai^ = 1 
and ai,i = — |. Then by induction on m, it is easy to check that a^.o = 1, 
cxm,! = — Y ^^'^ oim,i = \m{m — 1) for all 1 < m < p — 1. 

(3) It is similar to Part (2). We also have ^i,o = 1, A,i = — 1, /3m+i,o = /3m, o, 
/3m+i,m+i = -^^m,m and pm+\,i = Pm,i - ^/3m,i-i for all 1 < i < m < 

p-1. □ 
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Lemma 2.3. H{X, fj,) is a symmetric Hopf algebra. 

Proof. From g" = 1 and charfc = p, it is easy to check that g{ ^ ff*) = 
J2 g' and (1 - gP){ J2 W') = 0- Since {g'aP-^bP-^\0 «C i «C n - 1} 
are hnearly independent (see [3]), t — { ^ g^)aP^^bP^^ is a non-zero ele- 
ment of H{\,fj,). Then we have gt = t ^ £{9)t, o.t = ^ 9^)bP^^ = 

E g')^^"^ = = e(a)t and 

= aP( E ^9lbP-' + ^aP{ ^ 3^)^''"' + E 
==0==e(fe)t. 

Since g,a,b are generators of iJ(A,/i), one gets that = kt. On the other hand, 
since ba = a{b + ^a), we have (a + 6)^^^ = fc'P^^ + a ^ aja^b^^^^^ for some 

ttj € k. Hence 

tg^i E 

= ( E E c^j^'bP-'-^] 

= t + a?'( E 9')i E «.«''&^"'"') 
= t = e{g)t, 
ta={ E 9")aF~^hP~^a 

= ( E al^^-'^ib + ^a)^-' (by ba = a{b + ^a)) 

= aP( E 5')(6+^ari 
= = e{a)t 

and 

t6 = bP{ J2 9>^'^ = = £(6)t, 
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where we use the facts that = A(l — gP) and = — gP) arc central elements 
in H{\.fi). Thus, = kt = J^, and so H is unimodular. It is easy to check that 
S*^ is inner. It follows that H is a symmetric Hopf algebra. □ 

Lemma 2.4. Let J he the Jacobson radical of H{X,^). Then 

(1) Ift^l, then a,b e J. 

(2) Ift>l and Xfi / 0, then a,b ^ J . 

Proof. (1) Assume t — 1. Then n = p". Since charA;=p and = A(l — g^), wc have 
a" = = [A(l - gP)Y~^ = Xp"\i - gP') = Xp'~\i - .g") = 0. On the other 
hand, we have ag = ga and ab = ba — ^a^ = {b— ^a)a. Hence aH{X, /i) = H{X, iJ,)a, 
and consequently H{X,ij)a is equal to the ideal (a) of H{X,^) generated by a. It 
follows that {H{X, /i)a)" = H{X, ii)a^ = 0. Thus, H{X, n)a C J, and so a e J. 
Similarly, we have 6" = 0. Consider the quotient algebra H{X, fj.)/{a) of H{X,fj.) 
modulo (a). Then H{X, lj)/{a) is generated, as an algebra, by g and b. In this case, 
we have gb = bg. It follows that the ideal (6) of H{X, n) / {a) generated by b satisfies 
(6)" = 0. Therefore, be J. 

(2) Assume t > 1 and A/i / 0. Then g^™ ^ 1 for all m ^ 0. Hence aP" = 
XP ~ {1- gP ) 7^ for all m ^ 0. This means that a is not a nilpotent element, 
and so a ^ J. Similarly, b ^ J. □ 

Lemma 2.5. //A ^ 0, then i?(A,/z) ^ if(l,A-V)- 

Proof. Assume A ^ 0. Let g, a, b and go, ag, &o denote the generators of H{X, /i) and 
A^^/i), respectively. Then in H(l, A^^/i) wc have = 1, go^ {X^ ao)g — X^qq, 
go^iXpbo)go = X^ao + xHq. {Xpao)P = A(l - gg), (aHo)^ = fJ.{l - go), and 
(Ap5o)(Apao) = (Apao)(Ap6o) + ^(Apao)^. It follows that there is an algebra map 
<fi : i?(A,/x) — > H{l,X^^ii) such that (/^(f?) = go, ^{a) = X^ao and ip{b) = Xp bo- 
lt is easy to see that <^ is a Hopf algebra homomorphism. Similarly, there exists 
a Hopf algebra homomorphism : H{l,X~^iJ,) — > H{X,iJb) such that V(fl'o) = 9, 
^/;(ao) = A~po and V(^o) = A~p6. Obviously, o = id and V ° <^ = id, and so 

if(A,/i) ^if(i,A-V)- n 

3. Simple modules and Projective Modules over H{X, 

Throughout this section, assume p > 2. Let n = p^t with p \ t and s ^ 1. Let 
^ be a t-th primitive root of unity in k. Let A, /U G fc. We will investigate simple 
modules and projective modules over H{X, fi) in this section. Note that kG is the 
coradical of H{X, fi). 

Since p\n, we know that kG is not semisimple. It has t non-isomorphic sim- 
ple modules, which are all 1-dimensional and given by the corresponding algebra 
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homomorphisms pi : kG — fc, pi{g) = ^ i ^ i — 1. Moreover, kG has n 
non-isoniorphic indecomposable modules, which can be described by the matrix 
representations as follows: 
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where 1 ^ r ^ p'^ and ^ z ^ < — 1 (see [7j). 

Theorem 3.1. If t — I, there is only one simple module S over H{\,p), which 
is 1-dimensional and given by g ■ v — v , a ■ v = and b ■ v = for all v & S . In 
particular, H{X,p) is a local algebra in this case. 

Proof. Assume t = 1. Then by Lemma l^^ l). we know that a,b € J, the Jacobson 
radical of II{X,fi), and H{X, p)/ {a,b) = kG, where {a,b) is the ideal of H{X,p,) 
generated by a and 6. Hence the theorem follows. □ 

In the rest of this section, assume t > 1. 

Lemma 3.2. Let M be an H{X, fi) -module. If there exists an element ^ v E M 
.such that g ■ V — av and a - v = j3v for some a, (3 G k with /3 ^ 0, then the following 
.statements holds: 

(1) //I s; TO - 1, then 

ab™ ■ V = Cim.jb-' ■ V and gb"^ ■ v — l3m,jb-' ■ v, 

where am,j,Pm,j & k with am,m = P, am.m-i = -^P"^, Pm,m = a, and Pm.m-l = 
—maf). 

(2) N = spanjw, b ■ v, ■ ■ ■ , b^^^ ■ v} is an submodule of M . 

(3) {v, b ■ V, - ■ ■ , IP~^ ■ w} are linearly independent. 

(4) Consider the actions of g and a on N . Then a and /3 are the only eigenvalues 
of g and a, respectively, with multiplicity p. Moreover, v is the unique common 
eigenvector of g and a up to a non-zero scale multiple. 

(5) N is a simple H{X, p) -module. 

Proof. (1) It follows from Parts (2) and (3) of Lemma [121 

(2) Since bP = ^(1 - 9^), it follows from Part (1). 

(3) Suppose that {v,b-v, - ■ ■ , b^^^ ■ v} are linearly dependent. Since v ^ 0, there 
exists an to with ^ m < p—1 such that {v, b-v, • • • , are linearly independent, 
but {v, b-v, ■ ■ ■ ,b"^ -v, .y} are linearly dependent. Hence there are some a; G k 
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such that ■ u = ciib' ■ «■ Thus, a6™+i ■v= ^i^b' ■ v. By Part (1), 

we have a6"'+^ ■ v = J2 ctm+i.jb^ ■ v — fUb"^'^^ ■ v + J2 Oim+i,jV ■ v and 

ctiah' ■v= J2 J2 ctiCtijb' ■ V 
where 7j G fc for ^ j ^ to — 1 . Hence we have 

and 

a( ^ a,6' • I') - /3( J] a,b' ■ v) ^ ^ (7, - a,P)V ■ v. 

It follows that -l2±i/32;,™ .y+ J2 am+ijV - v ^ J2 (7j " "j/^)^^' ' 

Since — ^^il/?^ ^ 0, one gets that {ti,fe • • • • , fe™ • are linearly dependent, a 
contradiction. 

(4) It follows from Parts (1) and (3). 

(5) Let Nq be a non-zero submodule of N. Then iVo must contain a common 
eigenvector of g and a. Hence f G -/Vq by Part (4), and so A^o = This shows that 

is a simple module. □ 

Now we will compute simple modules over H{X, fi). Note that H{X, ^) — B{V)4j^kG 
\i \ = ji = {). We first consider the case of A = 0. 

Theorem 3.3. Let /i G k. Then there are t non-isomorphic simple modules Ti over 
-ff (0, ^ i 5j t — 1. Each Ti is 1- dimensional and given by 

g ■ V — ^^v, a ■ V — 0, b ■ v — fj.'p (1 — v G Ti. 

Proof. Let ^ i ^ t — 1. Then it is easy to see that there is an algebra map 
Pi : H{0,^) k such that Pi{g) = = and Pi(6) = ^^(1 — ^'). It follows 

that To, Ti, • • • , Tt-i given in the theorem are non-isomorphic 1-dimensional simple 
H{0, /i)-modules. 

By the proof of Lemma [2.4f 1). one knows that the ideal (a) of H{0,fi) gener- 
ated by a is equal to H{0,fj.)a = ai7(0,^). Since aP = 0, {a)P = {H{0,fi)a)P = 
H{0,fi)aP = 0. Hence (a) C J, the Jacobson radical of H{0,fi). Thus, any simple 
i/(0, /i)-module is a simple module over the quotient algebra H{0, p)/ (a) . How- 
ever, H{0,fi)/{a) is a commutative algebra and k is an algebraically closed field. 
It follows that any simple -ff (0, /i)-module is 1-dimensional and determined by an 
algebra map from H{0, fi) to k. Now let p : H{0, /x) — > fc be an algebra map. Then 
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p{a) = 0. Since = p(,g") = p(l) = 1, p{g) = f for some i t - I. 

Since 6f ^^(1 - gP), pibf = p{l - p{gY) = ^(1 - = " e))^ and so 

= (1 — ^*). Thus, p = Pi. This completes the proof. □ 

For the case of A 7^ 0, by Lemma [2751 we may assume A = 1. Let 5*0 be the trivial 
H{\, /i)-module given by the counit e : H(l, p) — > k. Then dim5o — 1, and 

g • V = V, a ■ V — 0, b ■ v — 0, v € Sq. 

Now let A be the subalgebra of H{1, p) generated by g and a. Then A is a Hopf 
subalgebra of p). Hence p) is a free right (left) A- module [11 . Note that 
A is a commutative algebra. For 1 ^ i ^ t — 1, there is an algebra map pi : A ^ k 
defined by Pi{g) = ^* and Pi{a) — 1 — Let Xi denote the corresponding left 
A-module. Then dimX^ — \, g ■ x = and a ■ x — [1 — for all x £ Xi. Let 
Si = p) ®A Xi. Then 5^ is a non-zero left cyclic H{1, /i)-module generated by 
1 (g) X, where Q ^ x E Xi. 

Theorem 3.4. Let ^ i ^ t — 1. Then we have 

(1) 5*0, S'l,-- - ,>5'f_i are non-is amorphic simple H{\, p) -modules. 

(2) If i ^ 0, dim5i = p and there is a ^ v d Si such that g ■ v = ^'i; and 
a ■ u = (1 — Moreover, {v, b ■ v, ■ ■ ■ , bP~^ ■ v} is a basis of Si. 

(3) If M is a simple H{1, p)-module, then M is isomorphic to some Si. 

Proof. We have already known that 5*0 is a simple /i)-module and dim5o = 1. 
Now let 1 ^ i < < - 1 and take ^ a; e Xi. Let v ^ 1 ® x e Si. Then g ■ v ^ £,^v 
and a ■ V — {1 ~ Since Si is a cyclic -ff (1, /x)-module generated by w, it follows 
from Lemma 13.21 that Si is a simple H{1, p)-module with dim5i = p. Moreover, 
{v, b ■ V, ■ ■ ■ , • u} is a basis of Si, and v is the unique common eigenvector of 
the actions of g and a on S'i up to a non-zero scale multiple. Thus, Sq, Si, - ■ ■ , Sf-i 
are non-isomorphic simple /i)-modules. This shows Parts (1) and (2). 

Now let M be a simple (1, /x)-module. Since k is an algebraically closed field 
and ga = ag, there is a non-zero vector w G M such that g ■ v = av and a ■ v — /3v 
for some a,(3 £ k. Hence A ■ v — kv. Since 5" = 1, a" = a^"* = (a*)^' = 1. 
Hence a* = 1, and consequently a = for some ^ i ^ t — 1. Since ~ 1 — gP, 
we have = 1 - ^'^ = (1 - CY- It follows that /3 = 1 - f . Since M is a 
simple /i)-module and p) ~ J2 V A, one gets that M = (1, p) - v = 

spanjw, 6 • u, • • • , 6''^^ • v}. We divide the discussion into the following two cases. 

For the case: i = 0. In this case, g ■ v — v, a-v — and b^ -v = p{l — g^) ■ v = 0. 
Hence there is an integer m with ^ m ^ p — 1 such that 6™ ^0 but - y — 0. 
If TO = 0, then g ■ V — V, a ■ v — and b ■ v — 0. Hence M = kv ^ Sq since M is 
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simple. If m > 0, then by Lemma [2?2] it follows that ab"^ - v = and gb"^ -v = b™ - v. 
Thus, fcl^™ ■ i;} is a non-zero ^)-submodule of M, and so M = k{b"^ ■ v) = Sq 
since M is simple. In this case, v — jb"^ ■ v for some ^ 7 G fc, which implies that 
b ■ V = 0, and so m = 0, a contradiction. 

For the case: 1 ^ i ^ t — 1. In this case, a ■ v = (1 — ^ 0. Since M is a 
simple H{1, /i)-module, it follows from Lemma [3.21 that k{v, b ■ v, - ■ ■ , b^"^ • w} is a 
basis of M. In this case, M is isomorphic to Si. In fact, let ^ a; e Xi. Then 
there is an A-module isomorphism f : Xi ^ kv, f{x) — v, where kv is obviously an 
A-submodule of M. Since M = H{1, ij.)-v, we have an H(l, /i)-modulc cpimorphism 

ip:S,, = H{l,n) (g,A X, H{1, n) (g)A (kv) ^ M 

given by iplh x) ~ h ■ f{x) = h ■ v, he H{1, fi). Since both Si and M are simple, 
ip must be an isomorphism. □ 

For any integer i, letO^z^t — 1 with i = i (mod t). For any positive integer 
m, let Im denote the identity m x m-matrix over k. For any matrix X over k, let 
r{X) denote the rank of X. 

For 1 ^ i,j < t — 1, let {b^^ ■ w}o^ii^j,-i and {b^^ ■ wlo^ji^p-i be the basis of 
Si and Sj as stated in Theorem l3.4[ respectively. Then • v ® b^^ ■ w}o<jii ji^p-i 
is a basis of Si ® Sj . For any ^ u = J2^ii ,ji b^^ ■ v <i!) ■ w G Si ® Sj, let 
h{u) = max{ii + jilx^j .j^ 7^ 0} and let 

u(l) = max{ii jxij ^ for some ji} and u(2) = max{ji|a::„(i') 7^ 0}. 

With the above notations, we have the following lemma. 

Lemma 3.5. Let {) ^ u E Si ® Sj with h{u) ~ u{l) = I > 0. Assume vi = 
g-u-^'+^u^O. Then 

(1) h{vi)<l. 

(2) If vi{2) = 0, then there is an element u' £ Si<Si Sj with h[u') ^ I and = 
such thatg-u"~^'+iu" = 0, or {g-u" -C^^u"){l) <vi{l), where u" = u + u' . 

(3) If vi(2) > 0, then there is an element u' Si<S) Sj with h[u') ^ I and = 
vi{l) such that g -u" - C^^u" = 0, or [g ■ u" - f < vi{l), or {g ■ u"- 
f = t^i(l) and [g ■ u" - f +Ju")(2) < vi{2), where u" = u + u' . 

Proof. Let wi(l) = m and wi(2) = s. 

(1) It follows from Lemma [5TW l). 

(2) Assume s — Q. By Part (1), we have ^ m < /. Hence vi — ab"^ ■ v (g) 
w + ^ ttij^.j-j^fo*^ ■ V <Si ■ w for some a, ai-^,j-^ € k with a =^ 0. Take u' = 

Q,^-(»+j)(l _ ^J)-!?,™ . w (g) 6 . w and let u" = u + u' . Then /i(u') = m + 1 ^ Z, 
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w'(l) — m and 

5 • u' - ^'^-'m' = -afe"" • u w + ^ iSi^j^V^ ■ V ■ w. 

ii<m,ji^l 

Since g ■ u" - f'+J-it" ^ vi + g ■ u' - C+^u', we know that g ■ u" - f = 0, or 
(5 -^''-f +%")(!) <m. 
(3) Assume s > 0. Then 

for some ttji, ckiiji £ with ^ 0. Note that 771 + s < / ^ p — 1. Hence 

s <p-l and so 1 < s + l< p. Let m' = 0:^(5 + (1 - ^^yifo" • w (8)6"+^ • w 

and 7i" = ii + u' . Then h{u') — m + s + l^l, u'{l) — m and 

g-u'-C^^u' = -asb"'-v(g>¥-w+Y^ Pj.b"" -v^V^ ■w+ ^ (3,,^j,V^ -v^V^ -w. 

jl<s ii<m,ji^s+l 

Since g ■ u" - f = wi + 5 • it' - f we know that .g • u" - C^+'^u" = 0, or 
{g-u"-C^^u"){l) < TO, or (.g-it"-f = to and {g-u" -C^^u"){2) < s. □ 

Theorem 3.6. LetO ^ u e Si<» Sj with h(u) = u{l) = l>0. Ifg-u^ C^^u, then 
there is an element u ^ Si ® Sj with h{u) ^ I and u{l) < I such that g ■ u — C^-'lL) 
where u — u + u. 

Proof. Let ui = u, vi = g ■ ui — =i 0, tt^i = 'yi(l) and si = vi{2). Then it 

fohows from Lemma 13.51 that toi < I and there is an elements u[ G S'i Sj with 
h{u[) ^ I and u[{l) = toi < I such that g-U2 — C^-'u2, or {g ■ U2 — S,^^-' U2)(l) < mi, 
or {g ■ U2 — C^-'u2){l) = TOi and (g ■ U2 — £J'^^U2){2) < si, where U2 = ui + u[. If 
g ■ U2 ~ C^-'u2, then the theorem follows. Otherwise, let V2 — g ■ U2 — C^-'u2 ^ 0, 
112(1) = TO2 and 12(2) = 82- Since ui(l) = I and = toi < I, 1*2(1) = I, and 

so h{u2) — I. By replacing ui with U2, it follows from Lemma 13.51 that there is an 
u'2 ^ Si ® Sj with ^1(^2) ^ I and 1*2(1) = TO2 < I such that g ■ = ^'+^713, or 
(5"W3-r+^U3)(l) < ^2, or (g-it3-r+^U3)(l) =^2 and (5 • Tia - f +^7i3)(2) < sa, 
where Tia = 1*2 + 772- Since h{u'i) ^ ^ and h{u'2) ^ Z, /7(7t']^ +7/3) ^ I- Furthermore, we 
have 7^2(1) = '^2 < rni = u'i{l), or 77,2(1) = rn2 = toi = ui(l) and 713(2) — S2 < si. 
It follows that {u[ + 7X2) (1) ^ TOi < I. We also have 173 = 1*2 + it2 = iti + u[ + 713. If 
g ■ — ^'+"'173, then the theorem follows. Otherwise, let 7;3 = g • 773 — ^'^■'773 ^ 0, 
1)3(1) = 7773 and 13(2) — 32- Since 772(1) ~ I and 772(1) — ^2 < I, ^^3(1) — ^ 
and so ft- (773) = I. Then we may repeat the above procedure by replacing 772 with 
1*3, and continue. Thus one may get a series of elements 1*']^, 1*2, 1*3, ■ ■ • in S'i (g) Sj 
with hiu'^) ^ I and i*^(l) = tti^ < I such that g ■ i*g+i 77^+1, or ruq^i := 
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{g ■ Uq+i - < ruq, or rUq+i := {g ■ Uq+i - C~^^Uq+i){l) = ruq and 

Sq+i := {g ■ Uq+i - ^*+-'ui)(2) < Sq, where Uq+i = Uq + u'g, g = 1, 2, 3, • • • . 

We claim that the above procedure will stop. In fact, \i Vq = g ■ Uq — C^-'uq ^ 
for all q ^ 1, then mq^i < rUq, or m^+i = rUq and s^+i < Sq for all q 1. Since 
I > mi ^ 7712 "^3 • • • 0, there is a g ^ 1 such that 777^ = 777^+1 = 77iq-|_2 = • • • ■ 
Then it follows that Sq > Sg+i > Sq^2 > • • • 0. This is impossible. Thus, there 
exists an integer 777 ^ 1 such that Vq = g ■ Uq ~ ^^^^Uq ^ for all 1 ^ (7 ^ 777, but 
g ■ Um+i ~ C^'' 'U'„l-^-l = 0. Then the theorem follows. □ 

Theorem 3.7. Let {S'i}o^isSt-i be the complete set of non-isomorphic simple H{1, /i)- 
modules defined in Theorem \3.4\ Then soc{Si^ Sj) = and Si^Sj is inde- 

composable. In particular, Sq (E> Si = Si and Si (><) Sq = Si. Here ^ i, j ^ t — 1. 

Proof. It is obvious that Sq Si ^ Si and S'i ® 6*0 = S'i for all ^ i ^ i — 1. Now 
let 1 < 7, j s$ i - 1. Let {6*1 • i;|0 < ii p - 1} and {V^ ■ w\0 ^ ji s$ _p - 1} be the 
bases of Si and Sj as stated in Theorem l3.4[ respectively. Then -v^V^ ■w\0 ^ 
*1j ji ^ p — 1} is a basis of Si Sj. By Lemma r3.2r i'). the matrix of the action of 
g on Si^ Sj with respect to the basis {v (E)w,v (E) b ■ w, ■ ■ ■ ,v ^ hP^^ ■ w^b ■ v ®w^b ■ 
v(E)b-w, - ■■ ,b-v(E) V'^ -w,-- ■ , 6^"^ ■v(E)w, 6^"^ ■ v (g) b ■ w, ■ ■ ■ , b^'^ ■ v (g) b^'^ ■ w} 
has the form 



Gil 


G12 


■ Gip ] 





G22 


G2p 





• 


Gpp 1 



where each Gst (s ^ t) is a upper triangular p x p-matrix, and Gss has the form 

{ \ 

^'+^' ai2 * ■ ■ ■ * 

e+j' ^23 ■■• * 

f+J' ... * 

\ ••• f+J ) 

with ai^^i^^x ^ 0. Hence is the unique eigenvalue of the action of g on Si ^ Sj. 
Moreover, r{£J'+Up - Gss) = p - 1- It follows that r(f +J/p2 - Gq) ^ p(p- 1). Thus, 
dimV^i+j ^ p, where V^i+j is the eigenspace of the action of g on Si ® Sj. 

Obviously, uq — v (E) w ^ V^i+j . For any 1 ^ ^ ^ p — 1, let it(;) —b^-v®w. Then 
h{u) — 7t(l) = ^ > 0. It follows from Lemma that g ■ U(i) ^ C'^"' ■"(/)• Then by 
Theorem l3.61 there is an element it'^^^ G Si®Sj with /7(it'^;^) ^ I and 7t'^;-|(l) < I such 
that g-ui = ^^^■'Ti/, where ui = U(^i^ +^(/)- Obviously, ui{l) — I and h{ui) = I for all 
^ ^ ^ p — 1. It follows that {uq, ui, ■ ■ ■ , 7tp_i} C V^i+j are linearly independent 
over k. Thus, {uq, Tti, ■ ■ • , 7ip-i} is a fc-basis of V^i+j . 
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Let VI = g ■ U(^i) — C^^u^iy Then it follows from Lemma [3T2] that vi ~ — — 
■ w (g) w + a^^b'^ ■ V ® w. Hence vi{l) = I - I and u/(2) = 0. Since 

il</-l 

g ■ - = Q,vi+g- u[,) - e+%'(,) = 0. Hence (5 • u[i^ - e+^'"(,))(l) = 

I — 1 and {g ■ u'^^^ — ^*''^-'u'^jj)(2) = 0. By Lemma 13.21 we know that ^ — 1 = 
{g ■ u'^i^ — ^ "'(/)(!) < '1 which forces that — / — 1. Since 

u[ij{l) + U(,)(2) < < /, M(;)(2) < 1. If U(,)(2) = 0, then it follows from 

Lemma [3.21 that I — 1 ^ {g ■ u'^^^ — < = / — 1, a contradiction. 

Therefore, u'^i^{2) ~ 1, and so /i(it'^;^) = I. Thus we have 

u'^^^,^ = ah^'^ ■ V ® b ■ w + I5U~'^ ■ V ® w + ^ a^, • w 6^^ • w. 

il<l-l 

Again by Lemma |3.2[ one gets 

il<l-l 

Since vi + g ■ u'^^^ - f = 0, a = -/(I - f )(1 - £_^)~\ and hence 

= -l{l-e){l-^^y^b^'^ -v^b-w + fib^-^ ■v(S)w+ atujib"' ■v(S>V' -w. 

il<l-l 

Since ga = ag, a ■ V^i+j C V^i+j. Consider the action of a on V^i+j . Then a • uq = 
(1 — ^*"''^)mo. For 1 ^ Z ^ p — 1, let w = 7i; + + . . . + a;Uo be an element in 

V^i+j . If a • u = au for some a Cz k, then by comparing their coefficients of the item 
b^ -v^w, we find that a = 1 — ^*+-'. It follows that 1 — ^'"''^ is the unique eigenvalue 
for the action of a on V^i+j. Using Lemma [3. 2 1 one finds that the coefficient of the 
item 6'^^ -v^w in a-u— (1 — is — 1(1 — We divide the discussion 

into the following two cases. 

For case 1: i + j t. In this case, a • it — (1 — C^^)u ^ 0, and hence u is not an 
eigenvector of the action of a. It follows that uq is the unique common eigenvector 
of the action of g and a up to a non-zero scale multiple. It follows from Theorem 
133] that soc(S'j S'j) ^ S—. 

For case 2: i+j = t. In this case, 1 is the unique eigenvalue of the action of g. It 
follows from Theorem 13 .41 that any simple submodule of Si (g) Sj is isomorphic to ^o, 
and is spanned by a non-zero vector v' with g ■ v' — v' , a ■ v' = and b- v' = 0. Now 
we have g-UQ — uq and a-UQ — 0. By Lemma [2.2f 2). it follows that .g- (6' -uq) — 6' -uq 
and a - {b' ■ uq) = for all 1 ^ I ^ p — 1. Since A(6) — b (E) 1 + g (g) b, one can see that 
(6' • Mo)(l) = I, ■ 'Wo)(2) — 0. It follows that {uq, b ■ uq, • • • , • uq} are linearly 
independent and contained in V^i+j — V\. Furthermore, h ■ {bP~^ ■ wq) = 5^ • uq = 0. 
Thus, soc(S', (g) Sj) = k{W-^ ■ uo) = Sq. 

This completes the proof. □ 
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Now we are going to investigate the indecomposable projective modules over 
i/(A,M). 

Let a = 7 X)j=o(^^*^°ff^°)"'- Then {eo,ei,-- - ,et-i} is a set of primitive or- 
thogonal idempotents in kG since is also a t-th primitive root of unity. Now 
we have (1 - ^-^P'gP')e^ = i[l - (^"'^'g^'')*] = 0, that is, gP°ei = fP'e,. Hence 
{g^^ei\0 ^ ii ^ p'* — 1} is a basis of kGci and dirnkGci = p''. Under this basis, the 
matrix of the action of g on kGci is 



/ 





•• 


• 






1 


•■ 


• 










•• 


• 





V 





•• 


1 






The characteristic polynomial of (7 is — _^'p — (2:— . Acting on /cGci, g 
has a unique eigenvalue ^' with multiplicity p*. By Lemma l^T^ gP G Z{H{X, /i)), the 
center of H{X, Hence {cq, ei, •, et-i} is a set of central orthogonal idempotents of 
H{X, n). It follows that H{\, jj) = 0o^i^t-i ^{^^ is a decomposition of the left 
regular module H{X,fi), which is also a composition of H{X,iJ,) as two-sided ideals. 
Thus, the action of g on H{X, fi)ei has the unique eigenvalue (with multiplicity of 
p*^'^). So g has the unique eigenvalue ^* when it acts on every principal projective 
module occurring in H(X, ii)ei. 

Note that dimH{X, fi)=dim{B{V)#kG) = p^n = p'+H and 

H{X, fi)e, span{5*ia*=6*^e,|0 ^ ii < - 1, s$ ^2, ^3 < P - !}• 

Hence dimi7(A, fi)ei = and {g^^ a^^ b^^ ei\0 ^ ii ^ — 1, < i2, 13 ^ p — 1} is a 
basis of H{X, fi)ei. 

Now we can prove the main results of this section. 

Theorem 3.8. Let {Tq,Ti, ■ ■ ■ ,Tt_i} be the complete set of non-isomorphic simple 
H{Q, pi) -modules given in Theorem \3.3[ Let P{Ti) denote the projective cover ofTi. 
Then P{Ti) = H(0, pt)ei, where ^ i ^ f — 1. 

Proof. Since i^' is an eigenvalue of the action of g on Tj = P(Tj)/rad(P(Ti)), ^* is 
the unique eigenvalue of the action of g on P{Ti). It follows that P{Ti) must be the 
unique summand of H{0, fi)ei up to isomorphism of H{0, /x)-modules. Since dimT^ = 
1, the left regular module H{0, fi) has the decomposition H{0, fi) = 0o^i<jt-i 
which forces that P{Ti) ^ H{0, ^ija. □ 

Now we are going to consider the case of A = 1. Let us first show the following 
lemma for the case oi pi — Q. 
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Lemma 3.9. In the Hopf algebra iJ(l,0), we have 

Proof. We prove the equation b"^abP~^ — ^a"^^^bP~^ by induction on m. If m = 0, 
it is obvious. Now let to ^ and assume V^ab^^^ = 0^a"^+^bP^^. Since b^ — 0, by 
Lemma [2^21 1) we have 

= f!-(a'"+i6 + in±la"'+^)bP-^ 
^ k+^a'^'+^bP'^ 

This completes the proof. □ 



Theorem 3.10. Let {S'o, 5*1, • • • , S'f_i} be the complete set of non-isomorphic sim- 
ple H{1, ii) -modules described as Theorem \3.4\ Let P (Si) denote the projective cover 
of Si . Then 

(1) P{So) H{l,fi)eo and dimP(S'o) = p''+^. 

(2) Let I !^ i ^ t ~ 1. Then dimP(S'0 Moreover, if fi = 0. then 
P{S,) ^ H{l,0)bP-^e, and {g'^a'^bP~^ei\0 ii s$ - 1, s$ P - 1} «s a 
basis of H{l,0)bP^^ei. If fi ^ and s = 1, then P{Si) = /i)6g~^ei, and 
H{1, ^)bQ^^ei has a basis {g'^^a''^bP~^ei\0 ^ ii ^ p'' — 1, ^ 22 ^ p — 1}, where 
bg = b + uq and aQ = /i (C* ~ 1) • 

Proof. (1) Since is an eigenvalue of the action of g on Si = P{Si) /rad{P{Si)) , 
is the unique eigenvalue of the action of g on P{Si). It follows that P{Si) must be 
the unique summand of _ff(l,/i)ei up to the isomorphism of 77(1, /i)-modules. By 
Wedderburn-Artin Theorem, the left regular module i7(l, /i) has the decomposition 
H{1, /i) = 0o^i^t-i P{Si)'^'"°^^', where P{Si)™ denotes the direct sum of to copies 
of P{Si). It follows that H{l,y)e, ^ P(S'j)'^™^' as left i?(l, ^)-modules. Since 
dim5o — 1, one gets that P{So) = H{l,fi)eo and dimP(S'o) — p*+^. 

(2) Let 1 ^ i ^ i — 1. Since dimS'i = p and dim_ff (1, /i)ei — p'^^^, H{l,^)ei = 
P{Si)P, the direct sum of p copies of P{Si). Hence dimP(5i) =p^^^. 

Assume /i = 0. Then by Lemma [5^ we have bP~^abP^^ — ^^p}}' aPbP^^ . Let = 
aP'^P+^bP^^e,. Since aP = 1 - gP and gP e Z(i?(l,0)), we have aP e Z{H{1,0)). 
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Therefore, we have 



-p)+iaP5P-ie. 



^P^-P+igP^^P-ig^ 
aP''-P+i5P-i(l „ ^P= 
{1- C^^)aP'-P+^bP- 

tip' 





-p)- 


iP- 


1)! 


2P- 


-1 


(P- 


1)! 


2P- 


-1 


iP~ 


1)! 


2P- 


-1 


_ (P- 


1)! 


2P- 


-1 


(P- 


1)! 



2p- 



)e~ 



Then Ci'^ = aci with a = — i^*^ ) ^ in k. Let Ci — a ^e^. Then e^^ = e^. 

Hence 0)ei is a summand of -ff (1, 0)ei as a left -ff (1, 0)-niodule. It follows that 
H{1, 0)e, ^ PiSi)"" for some 1 ^ m ^ aims',. Obviously, H{l,0)e^ C 0)bP'^e,. 
Since = 1 - and 6^ 0, it follows from Lemma OJl) that H{l,0)bP~^e, = 
span{g'ia*26P-ie,|0 sC ^ p'' 1, s$ ^2 P - !}• Hence = dimP(S',) s$ 

dim(i/(l,0)e;) dim(i7(l,0)6P~iei) p''+\ This implies that dim(i7(l, 0)^0 = 
dim{H{l,0)bP-^ei) = Hence P{Si) ^ i?(l,0)e; = 0)5P-ie,, and conse- 

quently H{l,0)bP^^ei has a basis {y^ia^^foP-ieilO ii - 1, < ^2 sS P - !}• 

Now assume fi ^ and s = 1. Let ao — — 1) G /c C H{l,fi) and 

feo = 6 + ao e Then b^ = h{^'p - gP) = ^(f - and so 6ge,; = 0. 

Since gP S Z{H{l,fi)), b^ e Z{H{l,fi)). An argument similar to Lemma [?751 shows 
that b^abf^'^e, = f^a^+ifeP'^e^ for all m ^ 0. Let e,^ = (^^(l " C^y'^abl'^Ci. 
Then it follows from an argument similar to the case of /i = that (e^)^ = e^, 
P(S,) ^ Ai)e^ = H{l,^i)bP-^e, and {g'ia^^6r'e,|0 s$ sC ^ i2 sS p-l} 

is a basis of /i)6Q~^ei. □ 

Remark 3.11. //p = 3,5,7, 11, we find that b^ ^ [b + fip {g - 1)]p = . Then the 
argument in the proof of Theorem lS. 10\ can be applied to i/(l,/i) with /i 7^ and 
s ^ 1. In this case, we have that P{Si) = H{l^^i)b\ ^e^ and {5'^a*^&^~^ei|0 ^ ii ^ 
— 1, ^ «2 ^ p — 1} is a basis of H{1, fi)b\^^ei, where 1 ^ i ^ t — 1. 

Corollary 3.12. If t > 1, then {eo,ei,--- ,et-i} is a set of central orthogonal 
primitive idempotents of H{X,ii). 

Corollary 3.13. If t > 1, then each block ff(A,/x)ei of II{X,fi) is a symmetric 
algebra. Moreover, H{X,fi)eQ is a local symmetric algebra. 

Proof. It follows from Lemma [2731 and [U Lemma 1.3.3] □ 
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4. Representation types of B{V)i^kG and H{X,^) 

In this section, we will consider the representation types of B{V)^kG and H(X, /i). 
Let us first consider the simple modules and their projective covers over B{V)^kG. 
When p > 2, B{V)^kG — H{0,0) as noted in the last section. In this case, the 
simple modules and their projective covers over B{V)=f^kG have been described in 
the last section, see Theorems 13.31 and 13.81 

Now let us assume p = 2 and n — 2^t with 2 \ t and s ^ 1. Let ^ be a t-th 
primitive root of unity in k. We denote by H the Hopf algebra B{V)^kG defined 
in Section [2] 

Since _ff is a finite dimensional graded Hopf algebra H = ®„>q Hm with Hq = 
kG and a,b £ Hi, a left i/- module M is a simple module if and only if M is a 
simple /cG-module and a ■ M — b ■ M — 0. Hence we have the following proposition. 

Proposition 4.1. Up to isomorphism, there are t simple left H -modules Si, which 
are all 1- dimensional and defined by 

g ■ X = ^^x, a ■ X = b ■ X — 0, x £ Si, 

where O^i^t— 1. In particular, ift — 1, then H is a local algebra. 

Let ei = J X]j=o(^~*^°3^°)"'- Then {cq, ei, • • • , et_i} is a set of primitive orthog- 
onal idempotents in kG and g^ Ci — e^. {g^^ei\0 ^ ii ^ 2* — 1} is a basis of 
kGei and dimfcCe^ = 2''. By Lemma |2.1[ g^ £ Z{H), the center of H. Hence 
{eo,ei, • • ■ ,et_i} is a set of central orthogonal idempotents of H. It follows that 
H — ®o<i<t-i ^ decomposition of the left regular module H , which is also 

a composition of H as two-sided ideals. By a discussion similar to that for H{\, /i) 
in Section [3l we have the following result from Lemma |2. II and 8, Lemma 1.3.3]. 

Theorem 4.2. Let {Sq, Si, - ■ ■ , St~i} be the complete set of non-isomorphic simple 
H -modules given in Proposition \4-l\ Let P{Si) denote the projective cover of Si. 
Then 

(1) P{Si) = Hei, where < i i - 1. 

(2) H has t blocks Hci. Moreover, each block Hci is a local symmetric algebra. 

Lemma 4.3. Let ^ i ^ t — I. Let M be an indecomposable module of dimension 
2 over the block Hci . Then M has one of the following structures: 

(1) There is a k-basis {wi,W2} in M such that g ■ vi — S,^ ■ vi, g • V2 = C ' ^2, 
a ■ vi — a ■ V2 — , b ■ vi = and b ■ V2 = wi . 

(2) There is a k-basis {vi,V2} in M such that g ■ vi = g ■ V2 = + Vi, 
a ■ vi — a ■ V2 = Q, b ■ vi = Q and b ■ V2 — 71^1 for some 7 G fc. 
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Proof. Let M be a left i/ei-module of dimension 2. Then M is a fcGei-module. 
Since et = e^, there is a basis {vi,V2} of M such that the corresponding 
matrix Gi of the action of 5 on M is one of the foUowings: 







Co 













Let A and B denote the matrices of the actions of a and b with respect to the basis 

{vi,V2} of M, respectively. 

fC l\ foil a2 

Assume d = I ^ ^^j. Since ga = ag, AGi = GiA. Hence = ( ^ ^ 

for some Q;i,a2 G fc. Since = 0, A is a nilpotent matrix, and so ai — 0. 

From bg = ga + gb, one knows that BGi ~ GiB + GiA. Then it follows that 

B = ~^ Q foi' some /3,7 e fc. Since b'^ = 0, B is a nilpotent matrix. 

Hence (3 + ^'02 = /? = 0, and so a2 = 0. Thus, A = Q and S = ( ^ ) . In this 



case, M has the structure described in (2). 



Assume Gi = (1' ^,]. Then GiB = BGi. Since BGi = GB + GiA, GiA = 0, 





and so A = 0. In this case, under any basis of M, the matrix of the action of g is 
always Gi and A is always 0. If 6 • Af = 0, then M = Si (B Si, a. semisimple module. 
Hence b ■ M ^ 0. So we may choose a basis {wi,f2} of M such that B = ^ ^ 
since 6 is a nilpotent element of H. Thus, M has the structure described in (1). 
This completes the proof. □ 

Let ^ i ^ t — 1. For 7 € fc, let M(7) denote the 2-dimensional module over the 
block Hci described as in Lemma HTSf 2V 

Lemma 4.4. Let < i ^ t — 1 and 71,72 G k. Then M{'ji) = M(72) if and only 
if 71 = 72- 

Proof Let Gi = (^^J ' ^1 ^ (o o') ^^"^ - (^[j • If M(7i) - M(72), 
there exists an invertible matrix F E M2{k) such that GiF — FGi and BiF = FB2- 
Then one can get that 71 = 72- □ 

Remark 4.5. Let ^ i ^ t — 1 and f3,j € k. Then there is an algebra map 
f : H M2{k) defined by 

Let M{f5,j) denote the corresponding H -module. Obviously, M{/3,j) is a module 
over the block Hci. One can easily check that M(/3,7) = M{f3' ,^') if and only if 
(/3,7) = a(;3',7') in kxk for some ^ a e k. IfP^j^O, thenM{f3,j) ^ Si® Si. 
Otherwise, M(/3,j) is indecomposable. 
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Let {vi,V2} be the basis of M{/3,j) such that the corresponding matrix represen- 
tation are given as above. Fix a non-zero element v d Si. Then there is an exact 
sequence 

0^5, A Af(/3,7) ^5, ^0 

given by 9{v) ~ vi, r]{vi) — and r](v2) — v. Denote by E{l3,j) the extension of Si 
by Si. Then a straightforward verification shows that two extensions E(j3,j) and 
E{j3' ,^') are equivalent if and only if (/3,7) = (/3',7'). Thus, we have the following 
corollary. 

Corollary 4.6. Let ^ i, j ^ t - 1. Then 
dini(Ext(5,,5j)) = 

Now we will consider the representation type of H . Since H has t blocks Hci, 
we only need to consider the representation type of each block Hei. Let 

/ = {1, a, &, a6, 6a, b^ , aba, ab^ , bab, b^ , abab, ab^ , bab^ , abab^ , bab'^ , abab'^}. 

Then by [6l Theorem 3.1 and Corollary 3.4], H is a. 2''+'*t-dimensional graded Hopf 
algebra with a basis {g-'a^lO ^ j ^ 2*t — l,x e /}. Since g^ Ci = e^, by a 
discussion similar to that for H{X, fi) in Section [3l one gets that each block Ha is 
2«+4_jjiniensinal with a basis {g^xei\0 ^ j ^ 2^* — 1, a; 6 /}, where ^ i ^ t — 1. 
Note that deg(a) — deg(6) = 1 in the graded Hopf algebra H. 

Theorem 4.7. Let ^ i ^ t — 1. Then the block Hci is of wild representation type. 

Proof Let < i ^ i - 1. Then {{g - f )-'a;e,|0 j 2" - 1, a; G /} is also 
a basis of Hci. Let J denote the Jacobson radical of iJe^. Since Si is the unique 
simple module over the block Hei, it follows from Proposition l4.1l that J has a basis 
{(.9 ^ (,^yxei\0 < j ^ 2'' — l,x G /, + deg(a;) ^ 1}. Since g^^bg = a + b, we have 
big-CY" = (.g-f + )™a + mf (.g-f )™-ia for all to ^ 1 by induction 

on TO. By these relations and the other relations of H , it is easy to check that 
N — span{(g — £_'^yxei, aei\0 ^ j ^ 2"^ — 1, j -\- deg(x) > 2} is a left ideal of Hei and 
N C J2. Observe that dim(J/^) = 2. By [4], Proposition in.1.14] and CoroUary 
ESI we have dim(J/j2) = dim(Ext(5'j, 5'^)) = 2. It follows that = N. Let 
M = span{{g - Cy xe„ {g - C)ae^,abe^,bae,\0 j s: 2" - 1, j + deg(a;) ^ 3}. Then 
it is easy to check that AI is a left ideal of Hei and M C J^. Moreover, one can check 
that J"^ /M is a semisimple iJe^-module, and so C Af. Thus = AL Obviously, 
,P jM — spanjoeo, {g — O^e;, [g — £^^)bei,b'^ei}, where y = y -\- M in J^/M for any 
y e J^. Note that (g - Cfe, = when s = 1. Hence 3 ^ dini(j2/A//) ^ 4. Since 



2, if*=j 
0, ifi^j 
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Hci is a local symmetric algebra by Theorem 14.21 and Am\{J^ / J^) ^ 3, it follows 
from [8] Lemma III. 4] that Hci is of wild representation type. □ 

Corollary 4.8. Assume p ~ 2. Then B{V)^kG is of wild representation type. 

In the rest of this section, assume p > 2 and X, fi E k. We will consider the rep- 
resentation type of H(X, fi). Let {eg, ei, • • • , et-i} be the set of central orthogonal 
primitive idempotents of H{X, fi) described as in the last section. Then H{X, ii) has 
t blocks H{X, fj.)ei. Hence we only need to consider the representation type of each 
block H{X,ii)ei. We first consider the case of A = 0. From Theorems 13.31 and 13. 8[ 
one knows that H{0, fj.) is a basic algebra and that Ti is the unique simple module 
over the block 7?(0,/i)e,;, where ^ i ^ t — 1. Moreover, each block 7?(0,/i)ei is a 
local symmetric algebra by Lemma [2731 and [3 Lemma 1.3.3]. 

Lemma 4.9. We have dim(Ext(ri, T^)) — 2 over each block H{0,fj,)ei, where ^ 
i ^ t - 1. 



Proof. Let ^ i ^ t ~ 1. Then it follows from Theorems 13.31 and 13.81 that there is 
only one simple module Ti over the block H{0, iJL)ei. Let fi,^ £k. Then there is an 
algebra map / : i?(0, /x) — > M2{k) defined by 

Let N(J3,j) be the corresponding iJ(0, /i)-module. Obviously, N{P,j) is a module 
over the block iJ(0,/i)ei. An argument similar to H shows that any 2-dimensional 
module over the block H{0, fj.)ei is isomorphic to some N{(3, 7) and that N{13, 7) = 
N{f3',Y) if and only if (/3,7) = a(/3',7') for some ^ a G fc. It follows that 
dim(Ext(Ti, Ti)) = 2 from an argument similar to the case p = 2. □ 

Theorem 4.10. Each block H{Q, ij,)ei is of wild representation type, where ^ i 
t-l. 

Proof. Let i s; i - 1. Since {g^^a^^b''^e^\Q ii < - 1, ^ ji, fci s: p - 1} is a 
basis of i7(0,^)ej, {{g-Cy^ai^{b-^ip {l-C))^^ei\() < ii s$ p"-!, ^ ji, fci 
is also a basis of H{0,fi)ei. Let J denote the Jacobson radical of H{0,^)ei. Then 
it follows from Theorem 13.31 that the set 

ii - 1, 

1 n +ii + ki 

is a basis of J. From g^^bg = a + b and ba = ab + ^a^, one can easily check that 

(6-/ii(i-e))(.9-e)" 
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for all TO ^ 1 and 

(b - - C))a - aib - - f )) + ia^. 



Put 



TV = span { {g - CT'a^'ib - fii {1 - r))'^e„ ae, 



ii s^p" - 1, 
ji, fci < p - 1, 
2 s$ ii + ji + fci 



Then from the first one of the above two equalities, one can see that N Q ,P . 
Obviously, dim(J/A^) — 2. By [31 Proposition III. 1.14] and Lemma [4.91 we have 
dim(J/j2) = dim(Ext(Tj,ri)) = 2. It follows that = N. Now put 



M — span 



{g - C)aei, a^e^, a{b - fip{l- ^*))ei 



^ zi ^p'' - 1, 
3 ^ ii + ji + fci 



Since — N, M C J'^. Now from the two equalities given above and ga = ag, one 
can check that AI is a left ideal of H{Q, iJL)ei and J'^ /M is a semisimple module over 
H{0,^)et. Hence C M and so = A/. Obviously, 



J^M = span {(g - e?e,,ae-, [g - e){b - (1 - {b - (1 " C^))'e.} 

is 4-dimensional, where x = a^ + Af in J^/M for any a; G J^. Hence dim( J^/ J"^) = 4. 
Since i?(0, /i)ei is a local symmetric algebra, it follows from [51 Lemma HI. 4] that 
iJ(0,/x)ei is of wild representation type. □ 

Now we consider the case of A 7^ 0. We only consider the representation type 
of the block H{l,fi)ea. From Theorems 13.41 and 13.101 the trivial module So is the 
unique simple module over the block i/(l,/x)eo, and if(l,/z)eo is a basic and local 
algebra. Furthermore, i?(l,/i)eo is a symmetric algebra by Lemma 12.31 and [H 
Lemma 1.3.3]. Then by setting i = in the proofs of Lemma l4!9l and Theorem 14. 101 
one can get the following Lemma 14.111 and Theorem 14.121 

Lemma 4.11. We have dim(Ext(S'o, 5o)) = 2 over the block H{l,^)eo- 

Theorem 4.12. The block H{1, fi)eQ is of wild representation type. 

For the case of t > 1, we don't know whether H{l,p,)ei is of tame or wild 
representation type, where 1 ^ i ^ t — 1. 

Summarizing the above discussion, we have the following result. 



Theorem 4.13. Assume p > 2. Then H(X,ii) is of wild representation type for 
any X,fi^k. In particular, B{V)^kG is of wild representation type. 
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